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Abstract. First-principles energy calculations. using lhe LMTO MA method, have k e n  performed 
for seven binary alloys (TI-AI, Ti-MO, Ti-Nb, Ti-W, .4-MO. AI-Nb and A1-w). For the ‘&MO 
system, our results lead to stability of the B32 ordered compounds, in contradiction with the 
experimental phase diagrams, which display a miscibiliry gap for the BCC lattice, Meanwhile, 
recent unpublished neutron diffraction measurements have been performed at a high temperamre: 
they indicate the presence of a short-range order by a (Ai 1) q-veclor, in perfect agreement 
with the stability of B32 at low temperatnres. Semndly. we proceed lo a cluster expansion, 
using the Connolly-WLlliams inversion scheme and the formation energies of a finite set of 
ordered wnfigurations. We obtain, for each alloy, a set of cluster interactions and we test the 
Vansfenbilily of this set to the formation ene!gies of other ordered compounds. Finally, in 
order to calculate a ternary phase diagram (isotherm), the Connolly-Williams inversion scheme 
has been applied to a ternary formation energy Then, we have calculated an isolherm of the 
Ti-Al-Nb system and found perfect agreement with the isotherm already ealculaled in an earlier 
publications, using a different approach. 

1. Introduction 

In the recent past, many first-principles energy calculations using the linear muffin-tin 
orbitals (LWO), augmented sphere approximation (ASA) [la], within the local-density 
approximation (LDA) [SI have been realized. This method has proved its accuracy and 
ability to describe the structural stability of all the transition elements [6]. 

In the study of alloys, first-principles total-energy calculations have frequently been 
coupled with the so-called Connolly-Williams [7-91 inversion scheme. This inversion 
scheme is used to extract effective interaction parameters from total-energy calculations. 

We have chosen to apply this analysis to the binary alloys that we have primarily 
considered in an earlier publication [lo]: Z-AI, Z-MO, Ti-Nb, Ti-W, AI-MO, AI-Nb and 
AI-W. It will be very instructive to compare the calculated interaction parameters with the 
experimental segregation or ordering tendency observed in the experimental phase diagrams. 
We shall see that some surprises arise for the Z-MO and Ti-W systems. These results will 
be discussed in some detail. Then, we consider the Connolly-Williams method for ternary 
systems and calculate, with this form, an isothermal section of the Ti-AI-Nb system. 

0953-8984/95/163139+14$19.50 @ 1995 IOP Publishing Ltd 3139 
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2. Total energies and energies of formatton 

We have calculated total energies with Brillouin zone integrations based on IZ3, 143 and 
163 k-points and observed a precision of Ry with a 163 k-point mesh. The standard 
corrections to the ASA are included in our calculation and all the sphere radii are taken 
to be equal to the average Wigner-Seitz radius. Let us consider the seven binary alloys: 
Ti-AI, Ti-MO, Ti-Nb, Ti-W, AI-MO, AI-Nb and AI-W. For each of them, we have relaxed 
homogeneously the structure with regard to the crystalline parameter. All the fundamental 
phases of the BCC structure have k e n  considered, with two other more complex phases: 
B11 (stoichiometry AB) and the two Cllb (stoichiometry A2B and AB2) (figure 1). 

G Rubin and A Find 
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Figure 1. Svuctures Bll and Cllb. The svuctures are projected on a (001) plane. The large 
circles correspond to sites on (0011) planes. and the small circles to sites in (OOn t 1) planes 
(n integer). 

The total energies, as a function of the crystalline parameter, are shown in figure 2 for 
the pure elements, and in figure 3 for each binary alloy with the structure B2, B32 and DO3. 
As we can see in figure 2, the equilibrium crystalline parameters of many pure elements 
are very close to each other. We present in table 1 the equilibrium crystalline parameters 
of the pure elements. The formation energy of  any ordered compound is given by 

Efor = Et~t - CAEA - CBEB. (1) 

Our results concerning the formation energies of the binary alloys with regard to the 
composition are presented in figure 4 and table 2. We note that these results indicate an 
ordering tendency in the '%MO and Ti-W systems (see figures 4(b) and 4(d) respectively); 
this is in contradiction to the experimental phase diagrams (figure 3, which display 
miscibility gaps on the BCC lattice. We comment on that point in the next section. 

Bble  1. 
no = 0.53 A is the Bohr radius. 

Total energies for the pure elements and corresponding crySWline parameters. 

~ 

Total energy Equilibrium crystalline 
Pure element (Ryd for two atom) parameter (unils of a") 

li -3409.5183 6.05 j, 0.05 
AI -968.5943 6 
MO -161821902 6 
Nb -15 266.5213 6.25 
W -64538.5001 6 
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Figure 2. Total energies of pure elements. Units: y axis, Ryd for 2 atoms; x a i s .  Bohr radius. 

3. Discussion of the LMTO ASA results 

If we consider the Ti-MO and Ti-W system results, the situation is very surprising. In 
these cases, a segregation tendency is observed experimentally (see figure 5 )  and we expect 
the formation energies of the ordered compounds to be positive. In fact, the formation 
energies of B2, B32 and the two DO3 compound are definitely negative. This will lead to 
pair interactions relative to an ordering tendency. 

How can we understand this situation? As a first step, we may wonder whether the 
experimental phase dia@ams are really reliable. As a second step, we should try to reproduce 
our LMTO ASA results by other methods. Finally, we may wonder whether the effects that 
we have neglected, such as elastic relaxation, are responsible for the discrepancy between 
theory and experience. Let us examine each system more deeply. 

3.1. The Ti-Mo system 

A bibliographic study shows that the presence of the miscibility gap (top of the gap, 850°C 
according to Murray [ 111) is much debated. Three experimental studies have been realized 
which contradict the traditional phase diagram (see figure 5(a)). 

First, through x-ray studies, Dupouy and Averbach [12] have shown the existence of 
strong short-range order in the BCC solid solution of the Ti-Mo system. Secondly, Morniroli 
and Gantois [13], also through x-ray studies, showed the same tendency to short-range order 
in the BCC solid solution for Ti-MO and Ti-Nb. Finally, Gros [ 141 did not find the presence 
of a two-phase regime using microsonde and micrographic studies. 

The existence of the miscibility gap is essentially due to the work of Terauchi et al [ 151, 
based on electrical resistive measurements. 

What results are obtained from other electronic structure calculations methods? Recent 
calculations have been done by Pasture1 [16] with the full potential (FP) LMTO method and 
give results quite similar to the LMTO ASA data, i.e. negative formation energies for the 
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Figure 5. Experimental phase diagrams Of Ti-MO and Ti-W. 

Table 2. Formation energies Ero, for the seven alloys. 

Er", (Ryd for two atoms) 

Ti-AI Ti-Mo n-Nb Ti-W AI-MO AI-Nb AI-W 

0.0 
0.0 

-0.0612 
-0.0235 
-0.0107 

VI&) 
-0.0362 

(TkAI) 
0.0179 
0.0221 
(Ti la)  

-0.0039 
CTlZAI) 

0.0 
0.0 

-0.0188 
-0.0245 
-0.0163 

-0.0253 
(TiMOS) 
0.0254 
0.0594 

0.0079 

(TisMo) 

CTliMo) 

(TIMoz) 

0.0 
0.0 
0.0012 

-0.0032 
-0.0025 

(X3Nb) 
0.0001 
(TiNb3) 
0.0524 
0.0650 
(TizNb) 
0.0548 
(TiNbz) 

0.0 
0.0 

-0.0025 
-0.0214 
-0.0102 

(Ti3w) 
-0.0197 

( T W )  
0.0464 
0.0597 
(TiZW) 
0.0306 
V m )  

0.0 
0.0 

-0.0050 
-0.0445 

0.0053 
(N3MO) 

-0.0041 
(AIMod 
0.0071 
0.0250 
(AliMo) 
0.0165 
( A U l O Z )  

0.0 0.0 
0.0 0.0 

-0.0196 0.0282 
-0.0159 -0.0228 

0.01 17 0.0254 
(AbNb) (N3W 
-OD172 0.0120 

(A1Nb3) (AIw3) 
0.0328 0.0391 
0.0292 0.0540 
(AIzNb) (AIzW) 
0.0226 0.0518 
(AINb2) (AIW2) 

ordered compounds (table 3) (as the BCC structure is not close packed, we may expect the 
FP LMTO method, where the interstitial region is suitably treated, to be more precise). 

The coherent-potential approximation (CPA) generalized perturbation (CP) method, 
within the tight-binding approach, gives the same tendency [16] (table 4); the formation 
energies of B2 and B32 are negative, and close to those found in the LMTO ASA investigation. 
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Table 3. Formation energies of the ordered compounds of Ti-MO calculated using the LMTO 
methods. 

Elm (Ryd for two atoms) 

m LMTO results mxl MA results 

82 -0.0161 -0.0188 
832 -0.0208 -0.0245 
04 (li3Mo) -0.0123 -0.0163 
DO3 OiMo3) -0.0232 -0.0253 

Table 4. Formation energies calculated by the tight-binding CPA OP method. 

Eloc (Ryd far two atoms) 
li-MO 

8 2  -0.0180 
812 -0.0270 

In order to obtain some insight into the experimental situation of the li-MO system, 
neutron diffraction measurements have been done by Caudron [17] on a polycrystal with 
18% MO at 800°C. The result is in perfect agreement with the earlier work of Morniroli 
and Gantois. More precisely, we display, in figure 6, the diffuse intensity as a function of 
the modulus of the q-vector in reciprocal space. We see that there is a maximum diffuse 
intensity of a q-vector with a modulus equal to that of the family ( f f f )  (this is the only 
special point, with the same modulus, on the BCC lattice). This indicates, without ambiguity, 
a tendency to ordering (a tendency to segregation would have led to a maximum diffuse 
intensity at q = (000); this is definitely not the case).  moreo over, the q = ( f f  f )  wavevector 
corresponds precisely to the concentration wave of the B32 phase, which should be stable 
at low temperatures, according to our first-principles investigations. 

t 

9 

Figure 6. Diffuse intensiiy. Units: y axis, arbitrary units. 
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Hence, this result is interesting and confirms the validity of our LMTO ASA results (data 
for a single crystal are important to confum this tendency to short-range order). 

Now, we comment on the elastic relaxation effects. In the present first-principles 
calculations, the volume relaxation has been taken into account, but we neglected the internal 
relaxations of the cell. These internal relaxations may be important if the lattice mismatch 
between the pure elements and the different ordering phases is important. However, if we 
consider the crystalline parameters relative to the minima of the total energies, we can see 
that they are quite close to each other: 6.05 for the pure Ti element, 6 for MO, 5.95 for B2, 
6 for B32, 6 for DO, (Tt~i,Mo). 5.95 for D 4  (TiMo3) (in units of Bohr radius @; see also 
figures 2 and 3(b)) .  Hence, we expect the elastic effects to be small. For the same reason, 
we have neglected the vibrational entropy term. 

We now discuss the low-temperature regime. The experimental phase diagram (see 
figure 5(a)) indicates the existence of a two-phase regime between the HCP disordered 
phase (rich in Ti) and the BCC disordered phase (rich in MO). When we estimated the 
formation energies of the ordered compounds of the li-MO system, with respect to the HCP 
Ti and BCC MO pure systems, we again found a tendency to ordering, in discrepancy with 
the experimental situation. We may conclude that all the results arising from electronic 
structure calculations are in conflict with the experimental phase diagram, which probably 
should be reconsidered. 

3.2. The Ti-W system 

The experimental phase diagram (see figure 5(b))  results from the early work of Rudy and 
Windisch [lS], based on x-ray measurements. These workers showed the existence of a 
solid solution above 1250°C. However, at 11OO"C, samples of alloys with 25 and 35% W 
have been studied and appeared heterogeneous. These workers concluded that there is a 
miscibility gap, and they estimated the concentrations of the two phases from the lattice 
parameter measurements. In fact, they have only proved the existence of a two-phase 
regime and not necessarily the presence of a miscibility gap, a two-phase regime between 
an ordered phase and a disordered phase is also possible. 

We may conclude, as for the Ti-MO system, that no direct experimental evidence exists 
conceming the presence, or not, of a miscibility gap for the BCC lattice. 

For the low-temperature part of the diagram, the LMTO results are again in conflict with 
the experimental data. 

If we consider the FP LMTO [I61 and LMTO ASA results, we can see in table 5 that they 
are very close to each other, as for the Ti-MO system. 

Table 5. Formation energies of the ordered compounds of Ti-W calculated by ihc LMTO method. 

Es, (Ryd for two atoms) 

FP LMTO results LMTO ASA results 

BZ -0.0004 -0.0025 
B32 -0.0163 -0.0214 

DO, (liW.r) -0.0174 -0.0197 
DO) (l i3W) -0.0061 -0.0102 

The CPA GP results [16] are somewhat different, but still in favour of ordering. 
Concerning the elastic relaxation effects, we note, as for the Ti-MO system, that they 

are probably small. The crystalline parameters relative to the minima of the total energies 
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are very close to each over: 6.05 for Ti and 6 for W. The ordered compounds have identical 
crystalline parameters: 6 for B2, B32, DO3 (Ti3W). DO3 (TiW3) (in units of Bohr radius ao; 
see also figures 2 and 3(d)). 

~~ AppIicaiion offrst-principles methods 

Table 6. Correlation functions for the compounds. 

b l  FI h e; 53 54 

PureA 1 I I I 1  I 
DO3 1 0.5 0 0 -0.5 -I 
B2 1 0 - 1  I O  I 
B32 I O  0 - 1  0 I 
DO, 1 -0.5 0 0 0.5 -I 
PureB 1 - I  I I -1 I 

I I 5 1  I 

81  I 
C l l b ( 1 )  1 f -3 9 -3  - 3  

C l l b ( 2 )  1 - 4  -4  I 

Table 7. Interaction parameters for all the temary systems calculated by the Connolly-Williams 
procedure. 

(Ryd for two atoms) 
Binary 
alloy a0 a1 J l  32 J3 34 

Ti-AI -0.0252 0.0127 0.0076 -0,0012 -0.0011 -0.003 
Ti-Mo -0.0189 0.0045 0.0023 0,0025 -0.0004 0.0003 
Ti-Nb -0.0012 -0.0013 -0.0001 0,0006 0,0001 -0,0000 
Ti-W -0.0131 0.0047 0.0003 0,0034 -0,0004 0.0003 
AI-MO -0.0114 0.0047 0.0006 0.0070 -0.0004 -0.0020 
AI-Nb -0.0078 0.0144 0.0024 0.0010 -0.0012 -0.OW8 
AI-W 0.0072 0.0067 -0.0035 0.0061 -0.0006 -0.OMO 

Table 8. Formation energies of the two Cllb and 811 calculated by the Cnnnolly-Wlliams 
procedure. 

Eh, (Ryd for two atoms) 

Ti-AI Ti-MO Ti-Nt 'I-W AI-MO AI-Nb AI-W 

Cl lb  (1) -0.0312 -0.0165 -0.0006 -0,0064 0,0055 -0.0013 0.0289 
Bit  -0.0246 -0.0183 -0.0006 -0.01 16 0.0076 -0.0017 0.0248 
C l l a  (2) -0.0425 -0.0205 0.0006 -0.0011 0.0013 -0.0141 0.0230 

3.3. Conclusions on Ti-MO and Ti-W systems 

All these results lead to some conclusions; the use of the LMTO ASA method on the BCC lattice 
is probably justified, because all the results are confirmed by the FP LMTO data. Concerning 
the Ti-MO system, we may conclude that the experimental phase diagam is probably 
incorrect and that there is short-range order at high temperatures. We did not perform any 
experimental investigation for the X-W system, but our total-energy calculations indicate 
also a clear tendency to ordering in contradiction to the experimental phase diagram. 
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Table 9. Correlation functions for the tcmary phases; see equation (5). 

1 CI Cl1 (P:P:, (P:P:) (P:IP?r) (PhP:I) (P:Pb) (P:P:,) (PIP?P?) (PbP?Id) (P:P:P:J 

A(AI) I I O I  I O  0 0 0 I 0 0 . .  
B(Ti) 10 1 0 
C(Nb) 10 0 0 
BZ(TiAI) 10.5 0.5 0 
BZ(TiNb) I O  0.5 0 
B2(AlNb) 10.5 0 0 
B32(nAI) 10.5 0.5 0.25 
B32(TiNb) I O  0.5 0 
B32(AINb) 10.5 0 0.25 
DO3 (TisAI) I 0.25 0.75 0 
DO3 (AIsTi) 1 0.75 0.25 0.5 
DO3 (TiNbr) I O  0.25 0 
DO3 (TirNb) I 0 0.75 0 
DO, (AIiNb) 1 0.75 0 0.5 
DO) (AIWd IO.250 0 
Heussler (TtlAINb) 1 0.25 0.5 0 
Heussler (75AlINb) I 0.5 0.25 0 
Hcussler (TIAINb) 1 0.25 0.25 0 
d 3 m  (TilAINb) I 0.25 0.5 0 
d 3 m  (TiAIzNb) 10.5 0.25 0.25 
Fa3m (TiAINbs) 1 0.25 0.25 0 

0 1  1 
0 0 0  
0.5 0 0.5 
0 0 0.5 
0.5 0 0 
0 0.25 0 
0 0.25 0 
0 0 0  
0 0.5 0.5 
0.5 0 0 
0 0 0  
0 0.5 0.5 
0.5 0 0 
0 0 0  
0 0 0.5 
0.5 0 0 
0 0 0  
0 0.25 0 
0 0 0  
0 0 0  

0 
0 
1 
0 
0 
0.5 
0 
0 
0.5 
0.5 
0 
0 
0 
0 
0.5 
0.5 
0 
0.25 
0.25 
0.25 

0 0  1 0 
0 0  0 0 
0 0  0 0.5 
0 0  0 0 
0 0  0 0 
1 0  0 0 
0 0  0 0 
0 0  0 0 
0.5 0 0.25 0 
0.5 0.25 0 0.25 
0 0  0 0 
0 0  0.25 0 
0 0.25 0 0 
0 0  0 0 
0 0  0 0 
0 0  0 0.25 
0.5 0 0 0 
0.5 0 0 0 
0.5 0 0 0 
0 0  0 0 

4. Cluster expansions using the Connolly-Williams procedure 

We define now an Ising-like model, by labelling each site of the lattice by a pseudo-spin 
variable on, which takes the value +1 or -1  depending or whether or not site n is occupied 
by an A species. Within this model, the formation energy AEi of any configuration is 
written in terms of multisite interactions; 

where J ,  is the cluster interaction associated with cluster a and ($& the corresponding 
correlation functions in configuration i: 

Of course, this cluster expansion is useful only of its converges fairly rapidly. In the 
spirit of a firsf-principles approach, the interactions J, are calculated by inverting the set 
of equation (Z), starting from the knowledge of a finite number of formation energies, 
as determined by the LMTO ASA method. Many applications [8,9] of Ising-like theories to 
phase stability rely on this 'total-energy inversion method', also referred to as the Connolly- 
Williams method (for a review, see the last reference in [SI). We use here the Connolly- 
Williams method, with the interactions included into the irregular tetrahedron. We give in 
table 6 the correlation functions (E&, for each compound i. 

When the space group symmetry is taken into account, equation (2) becomes 

where A E is now the formation energy per site (51 is the joint correlation function; 52 is the 
first neighbour pair correlation function; fi is the second neighbour pair correlation function: 
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Table 9. (continued) 
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0 
0 
0 
0 
0 
0 
0.5 
0 
0 
0 
0.5 
0 
0 
0 
0 
0 
0 
0 
0 
0.25 

0 
0 
0 
0.5 
0 
0 
0 
0 
0 
0.25 
0 
0 
0 
0 
0 
0.25 
0 
0 
0 
0 

0 0 

0 1 0 
0 0 1 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0.5 0 0 
0 0 0 
0 0 0 
0.5 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0.25 0 0 
0 0 0 
0 0 0 

0 0 0 0 
0 0 0 0 
0 0 0 0 
0 1 0 0 
0 0 0 0 
0 0 0 0 
0 0 I 0 
0 0 0 0 
0 0 0 0 
0 0 0 I 
1 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 

t 3  is the triplet correlation function; is the tetrahedron correlation function). The input 
of the inversion scheme is based on the formation energies of the following configurations: 
pure A, pure B, B2, B32 and the two DO3 (see table 2). The results of the inversion scheme 
are presented in table I for all the binary systems. In order to test the reliability of the 
method, we have evaluated the formation energies, using the Connolly-Williams cluster 
interactions, of three extra structures: BI, and the two Cllb (see figure 1 for the structures 
and table 8 for the results). 

A comparison of tables 2 and 8 shows that the Connolly-Williams method does 
not reproduce the formation energies of phases not used in the inversion procedure. In 
fact, the Cllb and B11 have positive formation energies, according to the total-energy 
calculations, and these energies cannot be reproduced conveniently through a Connolly- 
Williams procedure, based on structures with negative formation energies. 

Hence, we have accepted applying the Connolly-Williams procedure without testing the 
transferability, as other workers have done in the recent past [ 19,201. This is a limitation, but 
one which is justified if we limit the use of the interaction parameters to the thermodynamic 
study of ordered compounds which have been precisely used for the inversion scheme. 

5. Calculation of the phase diagram (isotherm) of the Ti-AI-Nb system 

We want to use the Connolly-Williams inversion scheme to calculate the phase diagram (or 
the isothermal section) of a ternary system, using an appropriate configurational entropy. 

Generally speaking, the formal expansion of the formation energy of a ternary systems 
contains some interaction parameters that do not appear in any binary expansion: these 
are the terms of the type V . - B ~ ;  VA-A-B-C. . . .. As a result, it is not possible simply 
to consider the binary expansions of the three binary systems (equation (4)) and to insert 
them into the ternary expansion, unless we set these extra interactions equal to zero (as 
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Table 10. Energies of the ternmy compounds Heussler and d 3 m .  

TizAINb, TizAlNb, 'IiAIzNb, TIAIIN~; TiAIW; BAINbz; 
Heussler d 3 m  Heussler d 3 m  Heussler F33m 

AEror (Ryd for two aloms) -0.0434 -0.02Sl -0.0403 -0.0185 -0.0142 -0.0340 

we did in an earlier publication [IO]). The most natural way of dealing with the ternary 
alloy is simply to apply the Connolly-Williams procedure directly to the general form of 
the formation energy of a ternary system. 

In the same spirit as in section 4, the internal energy of a ternary system is therefore 
written as, taking into account the space group symmetry of the BCC lattice, 

E = (H) = a o + a l c i + a z c l r + 4 ( ~ ~ _ ; ~ ( p : p : )  + v ~ ~ ~ ~ ~ P ~ ~ P ~ ~ + ~ v ~ ~ ~ ~ P : P ~ ~ ) )  
1-2-3 1 2 3 + 3(v,'_;z(P:P,2) + vI;:;:,(PAP:,) + q!!.;(P:P;)) + WVI-1-1 (PI PI PI) 

1-2-3 I 2 3 1-2-3 I 2 3 1-2-3 1 2 3 + Vir-u-n(PiiPnPn) + VI-1-11 (Pi PI PU) +  VI-11-1 (PIPnPi) 

+ Vn-u-1 (P I IP~PI  ) + 2VII-i-n(PnPi pn)) + WI-1-1-1 (PI Pi PI  PI ) 

+ VII-~-II -II (PI~PI~PIIPII)+~VI-I-I -U (PI PI PI Pu)+2VI-l-n-n (PI PI PnPn) 

(5) + 4V1-11-1-11 (PI PIIPI PII) + ~VII-~-II-I(PIIPUP,PI  )). 

We have, for each site n, two independent occupation numbers, denoted p ;  and p ; .  pi' 
(or p i )  takes the value 1 or 0, depending or whether or not site n= 1,Z 3 or 4 of the irregular 
tetrahedron is occupied by an A species (or a B species). In equation (5), the pairs 1-2 and 
3-4 are second-neighbour pairs: the pairs 1-3, 14 ,  2-3 and 2-4 are first-neighbour pairs. 
The energy depends on 21 cluster interactions. For the inversion procedure, we consider the 
following 21 phases: the three pure elements; the three B2; the three B32; the six DO3; the 
three ternary Heussler phases AzBC, BzAC and ClAB; the three phases AzBC, BzAC and 
ClAB with the symmetry Fa3m. The correlation functions of these 21 phases are presented 
in table 9. 

We have applied this approach to the Ti-AI-Nb system. The formation energies of the 
three ternary Heussler phases and of the three F43m phases are presented in table IO (for the 
formation energies of the binary compounds, see table 2). The cluster interactions deduced 
from the inversion scheme are given in table 1 1. 

Using these interactions, we have computed an isothermal section of the phase diagram 
of the Ti-AI-Nb system (T  = I O O O T ) .  The configurational entropy has been taken into 
account through the cluster variation method, within the irregular tetrahedron approximation. 
The result is presented in figure 7, together with the same isotherm calculated within a 
different approach and presented in an earlier publication [IO]. The agreement between 
the two results give us some confidence in these two different approaches; despite their 
weaknesses (in the first approach in [IO], the phase diagram of Ti-AILNb was computed 
using a phenomenological Hamiltonian whose parameters were obtained from knowledge 
of the three experimental binary phase diagrams). 

1-2-3 I 2 3 1-2-3 I 2 3 1-2-3-4 I 2 3 4 

1-2-3-4 I 2 3 4 1-2-3-4 1 2 3 4 1-2-3-4 I 2 3 4 

1-2-3-4 I 2 3 4 1-2-3-4 I 2 3 4 

6. Conclusions 

The LMTO ASA calculations, presented here, give much interesting information on the 
alloys that we have considered. First, we have shown that the previously observed 
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Table 11. Cluster interaction parameters, for the Ti-AI-Nb system, calculated through the 
Connolly-Williams procedure using equation (6). 

an a, a2 v,y VI,-I1 V;!; v,i;2 V I E  
1-3 

(Ryd for (Ryd for (Ryd for (Ryd for (Ryd for (Ryd for (Ryd for (Ryd for 
hvo atoms) two atoms) two atoms) two atoms) two atoms) two atoms) two atoms) two atoms) 

0 -0.0688 0.0004 0.0185 -0.0034 -0.0085 0.0099 0.0007 

1-2-3 
V;-: VI-1-1 vj;:;L:[ q j y  Vl-,I-, v,::;:: Vl1-1-1J 

1-2-3 1-2-3 

(Ryd for (Ryd for (Ryd for (Ryd for (Ryd for (Ryd for (Ryd for 
two atoms) hvo atoms) two atoms) two atoms) two atoms) two atoms) two atoms) 

0.0010 0.0038 0.0010 0.0043 0.W19 0.0021 0.0011 

1-2-3-4 1-2-1-4 1-2-3-4 1-2-3-4 1-2-3-4 1-2-3-4 
"1-1-1-1 VI,-11-11-11 VI-1-1-11 VI-I-11-11 VI-11-1-11 vu-11-114 
(Ryd for (Ryd for (Ryd for (Ryd for (Ryd for (Ryd for 
hvo atoms) two atoms) two atoms) two ntoms) two atoms) two atoms) 

-0.0135 -0.0001 -0.001 I -0.0012 -0.0005 -0.0002 

Figure 7. Isotherm of the li-AI-Nb system calculated from the Connoily-Williams method at 
100OT (U)  from [lo]: ( b )  from first-principles method. 

segregation tendency of the Ti-MO and Ti-W systems is in contradiction to our first- 
principles calculations, which predict ordering. 

For Ti-MO in particular, in-situ neutron diffraction measurements have been performed 
[17] and the results show that there is a well defined short-range order in the solid solution. 
This local order corresponds to a q-vector of the (fff} type, in perfect agreement with our 
LMTO results, which predict the stability of the B32 phase. 

Concerning the Ti-W system, we have seen that the reported experimental evidence for 
a miscibility gap is very indirect. Our LMTO investigations lead us to the same conclusions 
as for the Ti-MO system, i.e. that there is a tendency to ordering. From this point of view, 
it should be very useful to perform in-situ neutron diffraction experiments to confirm this 
result. 

Finally, applying the Connolly-Williams method to the total-energy calculations, and 
using a cluster variation method entropy, we have computed an isothermal section of the 
phase diagram of the ternary system Ti-AI-Nb. The agreement with the results obtained 
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previously [IO] using a different approach is very good. In particular, we predict the 
stability of the B2 phase in a large domain of concentrations, and we do not find any 
segregation or two-phase regime in this system (this result seems to have been noticed 
already experimentally [21]). This shows that the Connolly-Williams method, when used 
cautiously, may lead to safe results. 
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